THEORY AND THE “REAL WORLD”

Probability Theory
Mathematical

World P(A) - P(B)

Get Make
probabilistic prediction
model

Physical Experiments Experiments
World or or
Knowledge actions
\ — — - /
Examples

« Betting games

« Designing communication systems

« Detecting/filtering signalsin noise

* Pattern recognition

The predictive power of the theory is based on the quality of the
model.

Why do we need these models?

To handle ignorance or deterministic phenomena that are too
difficult to model explicitly.
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Random Experiment

An experiment is said to be arandom experiment if the outcome
(of the experiment) variesin an unpredictable fashion when the
experiment is repeated under the same conditions.

Example:

We have an urn containing three identical balls, labeled “0",
“1", and “2". Wefirst shake the urn to randomize the position of
the balls and then select aball from the urn. The number of the
ball is noted and the ball is then returned to the urn.

The outcome of this experiment is a number from the set S={0,
1, 2}. Siscaled the sample space.

Outcome
A g

-t

-2 L
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An Experiment consists of:

1. The sample space S (the set of al possible outcomes).

Consider the experiment of rolling asix-sided die. Each time
weroll the die (atrial), we observe an outcome, &, e.g., § = 5.

S$={1,2,3,4,5,6}

2. The set of al events.

Subsets of S are called events. An event occurs if the outcome
is contained within the event.

Examples:
S = the certain event
¢ =theimpossible event
{1}
{2,4,6} =the“even” event
{1,3,5} =the“odd” event
Definitions: Let A and B be events. Then,
« A+B=A0B=AorBoccurs.
* AB=A n B =both A and B occur.

» A and B are mutually exclusive if whenever A
occurs, B doesnot, i.e, AnB=¢

3. The probabilities of these events.
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Mutually Exclusive (or Disjoint) Events

Which events are mutually exclusive?

Which are not?

ECE 521 — Random Signal's and Systems | ©Antonio H. Costa, Ph.D.

BASIC PROPERTIES

1L P(g =0.

Proof: A=A + @= P(A + @ = P(A).
Since A and @ are mutualy exclusive, by axiom 3,
P(A)=P(A) + P(¢)= P(¢)=0.

2. For any event A, P(A)=1- P(A)<1.

Proof: Since A+ A=S,
P(A+A)=P(S)
and by axioms 3 and 2
P(A)+P(A)=1.
By axiom 1,
P(A)=1-P(A)<1.
3. For any events A and B,
P(A+B)=P(A)+ P(B) - P(AB).
4., For any events A and B such that AC B,
P(A)< P(B).
Example 2

P(“even or less than three”)

= P(“even”)+P(“less than three”)-P(“ even and | ess than three”)
1.1 1

= 4+ - —-—=_—
2 36 3
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AXIOMATIC VIEW OF PROBABILITY THEORY

To each event A, we assigh a number P(A) called the probability
of the event A which measures the likelihood of event A, such
that the following axioms hold:

1. No event has negative probability: P(A) = 0
Il.  The certain event has probability 1: P(S) =1

111, For any countable collection of events A1, A2, ... which
are mutually exclusive,

0

P(A+ Ay ++) = T P(A)

k=1
Therest of this course is based upon these three axioms.

Example 1

For the six-sided die, the probabilities of each outcome are
usually chosento be 1/6, i.e.,

P{1}) =P{2}) = P{3}) = P{4}) = P{5}) = P({6}) = 1/6.
Consequently,
P(*even”) = P({2,4,6}) = P({2}) + P({4}) + P({6}) = 1/2.

P(“less than three”) = P({1,2}) = 13
P(“even or lessthan three”) = P({ 1,2,4,6}) = 2/3
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RANDOM EVENTS

* Aneventisasubset of the sample space and consists of one
or more outcomes (simple or compound).

Example: When two dice arerolled, the event E={“sumis
10"} consists of the 3 outcomes (5,5), (6,4), (4,6).

The probability of any event is equal to the sum of the
probabilities of the outcomes that make up the event.

* When we conduct arandom experiment, we can use set
notation to describe possible outcomes.

« Complementary event: If A isan event, the set of all
outcomes that are not in A is called the complement of A

Example: Roll asix-sided die.

Possible Outcomes: S={1,2,3,4,5,6}

An event isany subset of possible outcomes: A ={1,2}
The complementary event: A=S- A={3458 = A°
The set of al outcomesisthe certain event: S

The null event: @

Example: If S={ab,c}, there are 8 events:
@ (empty set), {a}, {b}, {c}, {ab}, {ac}, {b.c},{abc} =S

The sample space Sis called the sure event or the certain
event — it always occurs

Events with one outcome are called elementary events
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Example:

An urn contains 6 red balls and 4 white balls. A ball is drawn at
random. What is the probability that it is red?

Comment: “random” generally means that the classical approach
isto be used and al outcomes are equaly likely.

There are ten different outcomes of this experiment (not twol!)
and the sample spaceis

S={R1, R2, R3, R4, R5, R6, W1, W2, W3, W4}
and not S={R, W}.
P(Red Ball) = 6/10

* What if the experiment consists of drawing two balls at
random?

Important question to be decided: How are these balls drawn?
Isthefirst one drawn put back in the urn before the second is
picked or not? Or are we reaching in and grabbing two at
once?
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» Sampling without replacement: If the first ball drawn is not
replaced before the second is drawn, the sample space has
10x9 = 90 elements that are vectors of the form (X,Y) with X
and Y taking on al possible different values from the set

{R1, R2, R3, R4, R5, R6, W1, W2, W3, W4}

If (X,Y) = (R1,W3), this means thefirst ball drawn was R1
and the second ball drawn was W3.

Note that it is not possible for (X,Y) to be the vector (R3,R3)
because R3 is not being put back into the urn before the
second ball is drawn.

1. P(both balls drawn are red) = 6x5/90 = 1/3
2. P(both balls drawn are white) = 4x3/90 = 2/15
3. P(onered and one white) =1 —1/3 —2/15 = 8/15

More directly, we get the answer as 6x4/90 + 4x6/90 =
48/90 = 8/15

4. P(first ball isred) = 6/10
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» Sampling with replacement: first ball isreplaced in urn

before the second ball is drawn.

S has 100 elements that are vectors of the form (X,Y) with X
and Y taking on all possible values from the set

{R1, R2, R3, R4, R5, R6, W1, W2, W3, W4}

If (X,Y) = (RL,W3), this means the first ball drawn was R1
and the second ball drawn waswW3.

Itispossible for (X,Y) to be (say) the vector (R3,R3)
indicating that the same red ball R3 was drawn the second
time aswell.

1. P(both balls drawn are red) = 6x6/100 = 9/25
2. P(both balls drawn are white) = 4x4/100 = 4/25
3. P(onered and one white) = 1 — 9/25 — 4/25 = 12/25

More directly, we get the answer as 6x4/100 + 4x6/100 =
48/100 = 12/25

4. P(first ball isred) = 6/10
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» If wereach in and grab two at the same time, we get a

(randomly chosen) subset of size 2 from a set of size 10

Now, each element of Sisa set of theform { X,Y} with X and
Y taking on al possible distinct values from the set

{R1, R2, R3, R4, R5, R6, W1, W2, W3, W4}
Note: Previously, the elements of S were vectors (X,Y) where
X wasthefirst ball drawn and Y the second, and (R3,W1)
was adifferent outcome from (W1,R3). Now, the el ements of
Saresets{X,Y} and we no longer can talk about the first ball
drawn and the second ball drawn; both balls are drawn at the
sametime, and { R3,W1} isthe same set as{ W1,R3}.

10
Shas(zj=45elements

)
1. P(both balls drawn are red) = Tzo = 1%159 :%
%)

Y
2. P(both balls drawn are white) = \2) _4x3_2

2

P(one red and one white) =1 - 1/3-2/15=8/15
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Example: Roll afair die once.
S=
The die turns up even
A=
Thedieturns up lessthan 5
B=
The die turns up greater than 4
C=
Thedieturnsup 6
D=

Let's build a probability measure:

P(A) =

P(B) =

PC) =

P(D) =

P(@) =

P(B O C) =P(B) + P(C)

P(B O D) =P(B) + P(D)

P(A O D) =P(A) + P(D) —P(A n D)
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Example:

A survey of staff leaving a company indicated the following
reasons for leaving:

- dissatisfaction with salary: 30%

- dissatisfied with tasks they had to do: 20%

- 12% said both salary and dissatisfaction with tasks were the
reason for leaving

What is the probability that a person leaving work is dissatisfied
with salary or with the tasks, or with both?

Let S={"salary dissatisfaction”}
T = {"dissatisfaction with tasks’}

Given: P(S)=0.30
P(T) =0.20
P(SnT)=0.12

P(SOT)=P(S)+P(T)-P(SN T)
=0.3+02-0.12
=0.38(or 38%)
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CONDITIONAL PROBABILITY

In many cases, we may have (through observation) partial
knowledge of the outcome of an event.

Definition: The conditional probability of an event A with
respect to an event M is defined as theratio
P(AM)
P(AM )=
whereit is assumed that P(M ) #0.

Note:  P(A) is often called the a priori probability. A priori
means relating to reasoning from self-evident
propositions or presupposed by experience.

P(A|M) is often called the a posteriori probability. A
posteriori means relating to reasoning from observed
facts.

Interpretation

P(AM) large P(4M) small
S S

.| >
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MULTIPLICATION RULE
> probability that events A and B will both occur
» arearrangement of the conditional probability equation

» intersection a so called joint probability

P(An B)=P(AB)P(E)= P A p(g) = p(8|a) P(n)

P(B)

Example:
1. A box contains 4 red balls, 6 green balls, and 3 yellow balls.

A ball is selected at random. Find the probability that the
selected ball is green.

P(Green) = 6/ 13

2. A second ball is selected without replacement. Find the
probability that:

- Itisgreen (if thefirst ball was also green)
P(GIG) =5/12

- Thefirst isgreen and the second is red

Ggi 2

P(Gn R)=P(G) (R‘G) 1312 13
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PROPERTIES OF CONDITIONAL PROBABILITY

1.1f M OA, then P(AM) =
P(A)

P(M)

3. For fixed M, P(NM )isaprobability measure.

2 P(A).

2.1f AOM, then P(AM ) =

Proof:
Axiom I: ( )2
Follows since P(AM )=0 and P(M)>0.
Axiom I1I: ( )=
P(sm) _P(Mm)
P(M) ~ P(Mm)
Axiom I11: If A and B are mutually exclusive, then

P(A+BM)=P(AM)+P(BM).

Since SM =M, P(SM)= =1.

By definition,
P(A+B)M)_P(AM +BM)
P(M) —  P(m)
Since A and B are mutually exclusive, so are AM and
BM. Hence,

P(A+BM)=

P(A+BM)=

=P(AM)+P(BM).
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STATISTICAL INDEPENDENCE

A and B are said to be statistically independent when the
occurrence of oneis not affected by the occurrence of the other.

In this case, the conditional probability is egual to the
unconditional probability, i.e.,

P(AB)=P(A)
Consequently,
P(An B)=P(A)P(B)
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Example 3

Consider abox with 3 white balls and 2 red balls. Two balls are
picked in succession. What is the probability that the first ball is
white and the second ball is red?

Define the events
W1 = {“white picked first"}
R2 = {"red picked second”)

P(RW,)

Since P(R,W, ) = TR P(W,R;) = P(Ry W, )P(W,).

. 2 3 2
Since P(Rz\wl):Z and P(Wl):g, P(Wle):ZB‘E:—:—.

Example4

What is the probability that a white ball was picked first, given
that ared ball was picked second?

P(WR,)

P(R,)

By definition, P(Wy|R,)= .Tofind P(R,), we

enumerate all possibilities:
#of outcomesin RR, =2[1=2
# of outcomesin W,R, =3[2=6
6/20 _ 3.3

Thus, P(Wl\RZ) 3/20 21 5 (the a priori probability)

} 8 total
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BAYES THEOREM (OR RULE)

Let the events Ay, Az, Ag, ..., Ay form apartition of Sand B be
an arbitrary event such that P(B) > 0. Suppose that event B
occurs. The probability of event A; occurring is given by

p(alp)="BA) nP(B\A)P(A) .
2. PEAJP(A]

P(B)
Thisiscalled Bayes' rule.

Example 5

Consider abox with 3 white ballsand 2 red balls. Two balls are
picked in succession. What is the probability that awhite ball
was picked first given that ared ball was picked second?

Definee W1 ={"“white picked first"}
R2 = {“red picked second”}
R1={"red picked first"}

By Bayes' rule,
PR PW,
P(Wl‘R2)= ( 2NV1) ( 1)
P(RZ‘Wl)P(Wl) + P(RZ‘Rl)P(Rl)
25
- __\2\5 .3
ELe)GNE)
2)\5 47\ 5
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TOTAL PROBABILITY THEOREM

Definition: A finite or countable collection of sets A1, As, Az,
..., Aniscalled apartition of aset Sif

1. They are mutually exclusive.
n

Theorem: If Aj, Ay Ag, ..., A, areeventswhich forma
partition of the sample space S and B isan arbitrary
event, then

mm;iwaAwmm
Proof: B=BS=B(A + Ay +---+ A,)=BA +BA, +---+BA,.

Sincethe BAj, BA,, ... , BA, are mutually exclusive,
then by axiom 3

P(B)= éP(BA ).
The theorem follows since P(BA ) = P(B|A )P(A ), T
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Example 6

We have 3 “identical” cards whose sides are colored as follows:

RED/RED BLACK/BLACK RED/BLACK

A card is chosen “at random” and placed on the table. If the
upper side of the card isred, what is the probability that the
other sideis black?

Define: RR = {“RED/RED card is chosen"}
RB = {“RED/BLACK card is chosen"}
BB = {“BLACK/BLACK card ischosen”}
R ={"Upper side of chosen card isRED"}

By Bayes' theorem,
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INDEPENDENT EVENTS

Definition: Two events A and B are said to be independent if
P(AB) = P(A)P(B).

Knowledge of event B occurring “says nothing” about whether
or not event A occurred:

P(AB) _ _
PE) - PE) )

P(AB)=

I nterpretation:

P(AB) _ P(A)
P(B) P(s)

Lemma: If A and B areindependent events, then A and B are
also independent events.

Proof: A=SA=(B+B)A= AB+ AB
P(A)=P(AB)+ P(AB)

P(AB)=P(A) - P(AB) = P(A) - P(A)P(B)
=P(A)L- P(B))=P(A)P(B)
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INDEPENDENCE OF 3EVENTS

Definition: Events Al, A2, and A3 are said to be independent if
1. They are pair-wise independent, i.e.,
PIAA;)=P(A)P(A;) i# ]
2. P(A A Ag) = P(A)P(A)P(45)

Note: It isnot sufficient to check only pair-wise independence.
Say we tosstwo fair dice. Consider the following three

events:
A = {“first dieequals 3"}
B ={“sum of dice equals 7"}
C ={"second die equals 2"}
Although P(A)=P(B)=P(C) :%
and P(AB) = P(BC) = P(AC) = 3%,

the three events are not independent since
P(ABC)=0% P(A)P(B)P(C).

Independence of n Events

Assume that for al k < n we have defined independence for k
events. Theevents Ay, A,, ..., A, are said to be independent if

1. Any group of k of them are independent for any k <n

2 Pl A)=[] Pl
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Example 7

Suppose we toss two fair dice. Let A = {“sum of dice equals 6"}
and B = {“first dieequals4"}. Are A and B independent events?

P(AB)=P((42})= 5.

P9P(E)= 55 o= 2ne

Since P(AB) % P(A)P(B), A and B are not independent events.

Example 8

Suppose we toss two fair dice. Let A = {“sum of dice equals 7"}
and B = {“first dieequals 4”}. Are A and B independent events?

=1

P(8)=Pl43})=

Since P(AB) = P(A)P(B), A and B are independent events.

ECE 521 — Random Signals and Systems | ©Antonio H. Costa, Ph.D. 51



